All current papers questions with solution.

Woh PAL-ADD wala kaafi easy hy woh yaad kareyn, LSPACE wala easy hy woh kareyn, NEAR-TAUT TRUE-SAT, DOBLE-SAT, 3SAT bilkul ready kar lyn in k aaney ki probability ziyaada hy as compared to others q k ab time kam hy to selectively hi kar sakty hy  har ko prepare karna mushkil hy.

Us k baad MULT-SAT or 3SAT 2 questions bilkul same hyn 1 ko tayaar kareyn or 2 ho jayen gyn. Just Si or Fi hi change karny hyn

[image: image1.png]A7.22 Let HALF-CLIQUE = {(G)| G is an undirected graph having a complete sub-
grap) g P!
graph with at least m/2 nodes, where m is the number of nodes in G}. Show that
HALF-CLIQUE is NP-complete.




Solution:
[image: image2.png]HALF-CLIQUE € NP because a nondeterministic machine can guess and
Verify a clique with at least m/2 nodes in polynomial time. We show that
CLIQUE <p HALF-CLIQUE. The following TM F computes the reduction
I
F = “On input (G, k) where G is an undirected graph with m nodes
and k is an integer.
1. If k = m/2 output (G).
2. If k < m/2, construct G' by adding a complete graph with
m — 2k nodes and connecting them to all nodes in G. Output
(G-




[image: image3.png]8. If k > m/2, construct G" by adding 2k — m isolated nodes.
Output (G").”

When k < m/2, if G has a k-clique, G’ has a clique of size k + (m — 2k) =
(2m — 2k)/2, thus G' € HALF-CLIQUE. If G' has a k + (m — 2k)-clique,
then at most m — 2k of them come from the new nodes, thus G must contain
a k-clique. When k > m/2, if G has a k-clique, G has a clique of size
(m +2k —m)/2 = k, thus G" € HALF-CLIQUE. If G" € HALF-CLIQUE,
G must contain a k-clique because the half-clique cannot include any of the
new isolated nodes.




[image: image4.png]7.23 Let CNFy = {(¢)| ¢ is a satisfiable cnf-formula where each variable appears in at
most k places}.
a. Show that CNF; € P.
b. Show that CNFs is NP-complete.




Solution:
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appears in at most k places}.

(a) Show that CNF; € P.

(b) Show that CNF3 is NP-complete.

(a) We give an informal description of a polynomial time decider M for CNF,.
On input ¢ M does the following:

1. Consider the first clause of . If it is of the form z, and there is a clause
-z in @, reject,

2. otherwise the first clause is of the form 2V A. If z does not appear negated
in the other clauses, remove every clause of the form =V B of ¢, and call
the result ¢, if there remain no clauses in ¢, accept,
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> 3. if there are two clauses  V A and -z V B in ¢, remove them from ¢ and
m add AV B to ¢ and call the result ¢, and go to 1.
I} It is clear that M is a decider. We leave it to the reader to show that its running

P time is polynomial and that it decides CNF5.
= (b) We leave it to the reader to show that CNFj is in NP. We show that
B 3SAT <p CNF3.

First an example: ¢ = (pV q)A(pVr)A(=pVs)A(pVt). This formula is not in
&é 3nmf, but the general case will be treated below. This formula is replaced by

a ¥ = (PVQ)A(~PVPL) ADLVT)A(~P1VP2) NP2V s)A(~p2VDs) A(psVE) A (~ps VD).

R Note that the (=p V p1),(=p1 V p2), (=p2 V p3). (=ps V p) are expressing that

P — p1.p1 — P2,p2 — P3,P3 — p, that is, the p,p1, pz, ps are all equivalent.

Hence in this formula (p; V r) expresses the same as (pV r), etc. And thus ¢ is

satisfiable when 1) is, but in ¢ every variable occurs at most 3 times.

The general case. We define a reduction f from 3SAT to CNF3 as follows.

f({()) is the formula that is the result of the following procedure:

1. pick the first propositional variable (reading from left to right) in ¢ that

occurs more than 3 times in the formula, suppose it is p, and suppose it occurs v
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1. pick the first propositional variable (reading from lefl: to right) in ¢ that
occurs more than 3 times in the formula, suppose it is p, and suppose it occurs
at n places: (21 V Ay),...,(z, V Ay,), where the z; are p or —p. If no variable
occurs more than 3 times, output ¢.

2. Choose fresh variables pi,...,py, remove the conjuncts (z; V A4;) from the
formula and add as a conjunct the formula

(prV A1) A (=p1Vp2) A(p2V A2) A(=p2 V ps) .- (pn V An) A (=pn V p1).-

3. Call the new formula ¢ and go to 1.
Clearly, f({¢)) is a formula in which every variable occurs at most three times.

Also clear:
() satisfiable iff f((y)) satisfiable,

and f is a polynomial function. Done!

Exercise 7.14

Show that P is closed under *.
Let L € P. We show that L* € P. Let ¥ be the alfabet of L. We use

dynamic programming (see page 267). The idea of the lagorithm is that on
R REN -

w1 - Q —— ®





7.30 solution:
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D Proof. Clearly MCP in is NP since we can guess a placement of mines in *nodes and verify
consistency in polynomial time. To show that MCP is NP-hard we prove 3SCOLOR <p MCP.
Li| Given an input graph G = (V. E) to the 3COLOR problem, we construct a corresponding
graph G = (V', E) and a labeling N. First, for each vertex in V. we create 4 vertices and 3
I edges connected and labeled as illustrated on the left of the following figure:
=
2 ; 5
i
é The center node is labeled with a 1 and therefore exactly one of its three adjacent *nodes

must contain a mine ~ this corresponds to the color chosen for the input vertex. Next, for each
E, we add 6 nodes and 9 edges to G' that are labeled and connected with the corresponding
vertices as shown on the right of the figure. The new (gray) nodes labeled with a 1 prevent
mines from being placed in both adjacent *nodes corresponding to the same color. The new
(gray) *nodes allow for a consistent labeling when neither corresponding color is selected.
The new graph G’ has 4|V| + 6|E| nodes and 3|V + 9|E| edges and thus can obviously be
constructed from G in polynomial time.

Any consistent placement of mines in G’ will tell us exactly how to color the input graph G.
Each vertex of V' is assigned exactly one color and our construction makes it impossible for
adjacent vertices of V to have the same color. Therefore (G, N) € MCP = (G) € 3COLOR.
Given a 3-coloring of G we can determine exactly where to place mines. Place one mine based
on each vertex's color in V" as implied by the left figure. Add any needed mines to the extra
(gray) *-nodes so that all of the (gray) 1-nodes are satisfied. Therefore (G) € 3COLOR =
(G.N) e MCP.O

IR ICi— T o=
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Question:

Let A = {<M,x,>|NTM, M accepts input x within t steps on at least one branch}. Show that A is NP Complete.
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» Show that U is NP-complete. (For this problem, you are required to prove it without usmg
L reduction from any known NP-complete problems.)

Answer: To see why U is in NP, we observe that there is an NTM N that recognizes U in
polynomial time, such that for any (M, z,#') € U, N guesses the ¢ choices of the branch
= for M to accept x within ¢ steps.
] To see why U is NP-complete, let A be any language in NP. Since A is in NP, there exists
& an NTM N4 that accepts any string y in A within |y|* steps, for some k. Then, we can
reduce A to U as follows: Given any input string y, we set M = Ny, z = y and t = k;
a immediately, we have y in A if and only if (M, z,#") in U. As the reduction is polynomial
2 time, we have shown that any language in NP is polynomial time reducible to U. As U is
in NP, so by definition U is NP-complete.

Further Question: Will the above proof still be okay when U is replaced by the following
language U”:

{(M,z,t) | TM M accepts input = within ¢ steps on at least one branch}.

CIRRE - ER@E wm -0—a—®





Q3. Say that two Boolean formulas are equivalent if they have the same set of variables and are true on the same set of assignments to those variables. A Boolean formula is minimal if no shorter Boolean formula is equivalent to it. Let MIN-Formula be the collection of minimal Boolean formulas. Show that MIN-FORMULA is in PSPACE.

Solution:

First notice that the language of all pairs of Boolean formulas (_1; _2) such that _1 and _2 are not equivalent is an NP language. We can guess an assignment and check that the formulas di_er on this assignment in polynomial time. Assuming P=NP, this language and its complement, the equivalence problem for formulas, are in P.

A formula is not minimal if there exists a smaller formula that is equivalent to it. Thus, given the above,

MIN-FORMULA 2 NP because we can guess a smaller formula and check equivalence. Again, assuming

P=NP, we have MIN-FORMULA 2 P. and hence MIN-FORMULA 2 P.
Let NEAR-TAUT: E is a boolean expression having when at most one true make it false. Show that complement of NEAR-TAUT is in NP-Complete using reduction it to SAT.

[image: image10.png]NEAR-TAUT is in co-NP. The complement of NEAR-TAUT consists of all
inputs that are not well-formed expressions and inputs that are well-formed
expressions such that there exist at least two non-satisfying assignments. To
decide the complement in polynomial time we need only guess and check two
assignments that do not satisfy the given expression. We will show that the
complement is NP-complete, w0 it is unlikely that NEAR-TAUT is in NP.

To show the complement of NEAR-TAUT is NP-complete, we reduce SAT to
it. Given am expression E, we convert it to E' as follows:

E'=~(EAQy V)

If B isin SAT, then E' must have at least two non-satisfying assignments, since
we can take some satisfying assignment of £ and apply it to E', setting y to
cither true or false and E' will not be satisfied. If £' is in the complement
of NEAR-TAUT then it must have at least two non-satisfying assignments,
thus E must have at least one satisfying asdgnment in order for the expression
EAV-y) to ever be true.




. Let TRUE-SAT; given Boolean expression E that is true when all the variables are made true, is there some other truth assignment besides all true that make E true. Show that TURE-SAT is NP complete by reducing SAT to it.

[image: image11.png]To show TRUE-SAT is NP-complete, we reduce SAT to it. Suppose we are
given an expression E with variables z1, 2, ..., 4. Convert E to £' as follow;

1. First, test if £ is true when all variables are true. If so, we know is E is
satisfiable, and so set E' = E +y where y is a variable not already in £
so that E' will be accepted by TRUE-SAT.

2. Otherwise, let E' = E + &,2y...z,, a polynomial-time reduction. Note
that E' will always be true when all variables are true. If £ is in SAT
then it s satisfied by some truth assignment other than all-true, thus E'
isin TRUE-SAT. Conversely, if ' is in TRUE-SAT, then since z,2,...7,,
is true only for the all-true assignment then E must be satisfiable.

Thus we have a polynomial-time reduction from SAT to TRUESAT, therefore
TRUE-SAT is NP-complete.




[image: image12.png]7.17 Show that, if P = NP, then every language A € P, except A = fland A = ¥*, is
NP-complete.
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7.17 Let A be any language in P except A = @ and A = £*. To show that A is
NP-complete, we show that A € NP and that every B € NP is polynomial
time reducible to A. The first condition holds because A € P so A € NP.
To demonstrate that the second condition is true, let i, € A and Zou € 4
be two strings that are guaranteed to exist by virtue of our assumptions
about A. The assumption that P = NP implies that B is recognized by a
polynomial time TM M. A polynomial time reduction from B to A simulates
M to determine whether its input w is a member of B, then outputs zi, or
Tout accordingly.

7.19 On input ¢, a nondeterministic polynomial time machine can guess two as-
signments and accept if both assignments satisfy ¢. Thus DOUBLE-SAT is
in NP. We show SAT <p DOUBLE-SAT. The following TM F computes
the polynomial time reduction f.

F = “On input (¢), a Boolean formula with variables z1,23,...,Zm.

1 Tat A ha AAlm\/F) whara » i 2 new variahle.





Q5. Let G represent and undirected graph. Also let LPATH = {<G,a,b,k>|G contains a simple path of length k for a to b>}. Show that LPATH is NP complete. You may assume that NP completeness of UHAMPTH the HAMPATH problem of undirected graph.

[image: image14.png]7.16  a. Follow the marking algorithm for recognizing PATH while additionally keep-
ing track of the length of the shortest paths discovered. Here is a more
detailed description:

“On input ((,a,b, k) where G is a directed graph on m nodes where
G has nodes a and b:
1. Place a mark with label 0 on node a.
2. For each i from 0 to m:
8. Scan all the edges of G. If an edge (s, t) is found going from
a node s marked with i to an unmarked node b, mark node
t with 7 + 1.
4. If t is marked with a value of at most %, accept. Otherwise,
reject.”

b. First, LPATH € NP because a nondeterministic machine can guess and
verify a simple path of length at least & from a to b. Next, UHAMPATH <p
LPATH, because the following TM F computes the reduction f.

F =%QOn input (G, a,b), where G is an undirected graph, and a and b
are nodes of G.

1. Let k be the number of nodes of G.

2. Output (G,a,b,k).”
If (G,a,b) € UHAMPATH, G contains a Hamiltonian path of length k from a
to b, thus (G,a,b,k) € LPATH. If (G,a,b,k) € LPATH, G contains a simple
path of length k from a to b. Since G has k nodes, the path is Hamiltonian.
Thus (G,a,b) € UHAMPATH.

-




.prove cycle- length problem is NL complete.
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P2 10 pr and go to stage 2.7

87 Construct a TM M to decide Aora. When M receives input (4, w), a DFA and
string, M simulates A on w by keeping track of A% current state and its current
head location, and updating them appropriately. The space required to carry out
this simulation is O(log n) because M can record each of these values by storing a
pointer into its input.

8.33 Reduce PATH to CYCLE. The idea behind the reduction is to modify the PATH
problem instance (G, s,) by adding an edge from ¢ to s in G. Ifa path exists from
5totin G, a directed cycle will exist in the modified G. However, other cycles may
exist in the modified G because they may already be present in G. To handle that
problem, first change G so that it contains no cycles. A leveled directed graph is
one where the nodes are divided into groups, A1, Aa..... . A, called ecels, and only
edges from one level to the next higher level are permitted. Observe that a leveled
graphis acyclic. The PATH problem for leveled graphs is still NL-complete, as the
following reduction from the unrestricted PATH problem shows. Given a graph G
with two nodes s and £, and m nodes in total, produce the leveled graph G’ whose
levels are m copies of G's nodes. Draw an edge from node i at each level to node j
in the next level if G contains an edge from i to j. Additionally, draw an edge from
node i in cach level to node i in the next level. Let s” be the node s in the first level
andlet £’ be the node ¢ in the last level. Graph G contains a path from s to { iff G/
contains a path from s” to t'. If you modify G by adding an edge from ' to s/ you
obtain a reduction from PATH to CYCLE. The reduction is computationally sim-
ple, and its implementation in logspace is routine. Furthermore, a straightforward
procedure shows that CYCLE € NL. Hence CYCLE is NL-complete.

LRI N
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Q1. The 3 SAT problem consists of conjunction of clauses over n Boolean variables where each clause is dis-junction of 3 literals.

The DOUBLE-SAT problem takes as input a Boolean formula f, and asks if there are two satisfying assignments for f. Prove that DOUBLE-SAT is NP complete by reduction from 3-SAT.

[image: image16.png]Solution:
DOUBLE -SAT, like any variant of SAT, is in NP since the truth assignment is the certi

we can check every clause in polynomial time to see if it is satisfied.

cate;

We now show a reduction from 3-SAT. Given a 3-SAT formula £ we construct a DOUBLE-

SAT formula £=£A (s v —), where x is a variable not used in £ Clearly this reduction is

poly-time.
We now show that £has a satistying assignment iff #’has two satistying assignments.

= If fhas a satisfying assignment G, then £ has two satisfying assignments, corresponding to
(o

true) and to (G,x =false).

<= The clause (x: V' —xx) can be satisfied with cither xk =true or xe =false. In either case, if we

have a satisfying assignment G for £ this ensures DOUBLE-SAT s validated. In this case, then
3-SAT s also validated.




2. Let PAL-ADD = {<x, y> | x, y >0 are binary integers where x + y is an integer whose binary representation is palindrome}. Show that PAL-ADD ϵ LSPACE.

Solution:

Let PAL-ADD = {x,y>0, are binary integers whose x+y is an integer is a Palindrome}. Show PAL-ADD ε LSPACE ? 

M1 = “On input string w: 

1. Scan across the tape and look for 0s and 1s 

2. Count number of 0s separately 

3. Count number of 1s separately 

4. compare both the counters if both are equal accept, otherwise reject the machine countsthe number of 0s and, separately, the number of 1s in binary on the work tape.The only space required is that used to record the two counters. In binary, eachcounter uses only logarithmic space and hence the algorithm runs in O(log n)space. Therefore, A є L.

A subset of nodes of a graph is a dominating set if every other node of G is adjacent to some node in the subset. Let DOMINATING-SET={<G, k> | G has a dominating set with k nodes}. Show that it is NP-Complete by giving a reduction from VERTEX-COVER.

[image: image17.png]VERTEX-COVER = {(G.k) : graph G has a vertex cover of size k}.
DOM-SET = {(G', K} : graph G’ has a dominating set of size K'}.

Describe a reduction from VERTEX-COVER to DOM-SET. You can use the following almost-
finished reduction as a starting point, o you may give some other reduction if you prefer. In either
case, prove your reduction is correct.

Given G and k, construct graph G' and integer & as follows:

0. Add two new vertices z and y to G’ with edge (,y).

1. For each vertex v in G, make a vertex v in G’ with an edge from v to z.

2. For each edge (u,v) in G, make k +2 vertices uvy, uvs. ... uvks1 in G’ and, from each of
these “edge” vertices uti, add two edges (u,uv;) and (v, uvy) to u and v.

3. Set K

4. Output graph G’ and integer K.





[image: image18.png]7.28 Let SET-SPLITTING = {(S,C)| S is a finite set and C = {C1,...,Ci} isa
collection of subsets of .S, for some k > 0, such that elements of S can be colored
red or blue so that no C; has all its elements colored with the same color.} Show
that SET-SPLITTING is NP-complete.




Solution:

[image: image19.png]SET-SPLITTING in in NP because a coloring of the elements can be guesses
and verified to have the desired properties in polynomial time. We give a
‘polynomial time reduction f from 3SAT to SET-SPLITTING as follows.
Given a 3cnf ¢, we set S = {21,%T, .. , &m,Zm,y}. In other words, S con-
tains an element for each literal (two for each variable) and a special element
y. For every clause c; in ¢, let C; be a subset of S containing the ele-
ments corresponding to the literals in ¢; and the special element y € 5. We
also add subsets C;, for each literal, containing elements z; and z7. Then
C={C1,..,C1,Cayy- ,Cuy}.

If ¢ is satisfiable, consider a satisfying assignment. If we color all the true
literals red, all the false ones blue, and y blue, then every subset C; of S has
at least one red element (because c; of ¢ is “turned on” by some literal) and it
also contains one blue element (y). In addition, every subset C;, has exactly
one element red and one blue, so that the system (S, C) € SET-SPLITTING.
If (5,C) € SET-SPLITTING, then look at the coloring for S. If we st the
literals to true which are colored differently from y, and those to false which
are the same color as y we obtain a satisfying assignment to ¢.




Show that MULT-SAT is NP-complete.

Solution:

In direction to gratify that SAT is NP-complete, we necessity describe 3-CNF formula. CNF formula is in conjunctive normal form and if all clause with three literals are connected with AND ( [image: image20.png]


) operation then we say it is a 3CNF formula.
Example of 3CNF formula.

Ф =  [image: image21.png](X2V X3V Xs5) A(X1V X4V Xo) /\(E\/xgvxé) /\(;vx4vx7)




We say that 3CNF formula is satisfiable if at least one literal of every clause is specified value 1. 

As we recognize giving to COROLLARY certain in textbook (7.42) that 3SAT is NP complete.

Proof: theorem (theorem7.37)

3-SAT is NP complete.

In directive to proof we have to prove that all languages in NP reduce to 3SAT in polynomial time. Rendering to this a formula is formed in conjective normal form with three literals in every clause. In every clause OR operation is between literal and clause are connected in AND operation as example is given above.

So we can relay this theorem to prove that Multi-SAT problem.

In case of certain problem there are 10 satisfying assignment which are x1,x2,x3,,x4,….,x10. It mean that if we enhance new variable in every clause then there necessity be Ф =1 in case of MULTI-SAT. 

So we can say that formula is satisfiable even we have add more literal up to 10. As we know that 3-SAT is NP complete and MULT-SAT achieve all 3-SAT assets. 

Giving to Theorem 7.31(Text Book): 

Says that 3-SAT is reducible in polynomial time if clique is solvable in polynomial time. So we can transmit it MUT-SAT which can be solved in polynomial time. We can narrate 3-SAT and MULTI-SAT owing to remarkable connection among these two problems. Mutually problems can be reduced polynomial time.

So we can say MULT_SAT is NP complete as 3-SAT is NP complete.    

SOLUTION:

The traditional Nim-game (aka Marienbad-game) consists of four rows of 1, 3, 5 and 7 matchsticks (or any other objects). Two players take any number of matchsticks from one row alternately. The one, who takes the last matchstick loses. 

The winning strategy is:

You must always take as many matchsticks as possible so that the “Nim sum” of the rows remains ZERO.
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First uotice that the language of all pairs of Boolean formulas (01,67) such that 6 and oy are not
equivalent is an NP language. We can guess an assigument and check that the formulas differ on this
assigument in polynowial time. Assuming P=NP, this language and its complement, the equivalence problem
for formulas, are in P.

A formula is ot minimal if there exists a smaller formnla that is equivalent to it. Thus, given the above,
MIN-FORMULA € NP because we can guess a smaller formmla and check equivalence. Again, assuming
P=NP, we hiave MIN-FORMULA ¢ P. and hence MIN-FORMULA € P.





[image: image24.png]Prove LPATH is NP-Complete.

Definition of Longest Path (LPATH):
LPATH = {<G,a.b,k> |G contains a simple path of length at least k from a
to b}

Step 1 (Verify): Given a LPATH of length k between points a and b on a
graph G, verify that a simple path of length at least  exists from a to b in
polynomial time.

~Check that the LPATH is simple

for i

1
forj=(i+1)—n
{

make sure verter; # vertex;

}

This takes O(n?) time.

~Check that all edges in path actually exist
for i =1 — |edges in LPATH|

{:
i;crj=(l+l)~>|=dguin(}|

make sure edge;

}
¥

This takes O(n?) time.

edge; for some edge; € G

-Count mumber of edges in LPATH
This takes O(n) time

Thus, the entire verify step takes O(n?) time which is polynomial.




A directed Graph is STRONGLY-CONNECTED of every two nodes are connected by a directed graph in each direction. Let STRONGLY-CONNECTED = {<G>|G is strongly connected graph}. Show that STRONGLY-CONNECTED is NP-Complete.
Solution:
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7.29 Consider the following scheduling problem. You are given a list of final exams F1 , .. . , Fk to be scheduled, and a list of students Si, . . . , SI. Each student is taking some specified subset of these exams. You must schedule these exams into slots so that no student is required to take two exams in the same slot. The problem is to determine if such a schedule exists that uses only h slots. Formulate this problem as a language and show that this language is NP-complete.

Solution:
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[image: image27.png]8.3 Consider the following generalized geography game wherein the start node is the
one with the arrow pointing in from nowhere. Does Player I have a winning strat-
egy? Does Player I1? Give reasons for your answers.

GO




Solution:
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Show that directed hymoltonian cycle is NP-Complete.
Solution:
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